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o. 工n亡r odu ction . 工n th is pape r w e shal l study the






















whe r e pl
, P2
, 0 . Fo r p ン O with p i 1, the do m ain
D ニ ニ Dく1 ,pl w a s f ir st stud ied by Thul le n tl O3. So , w e
p
c al l Dくpl ,p21
a dom ain Thul le n
Dく2 ,2J is stud ied by Kriti ko s 亡811.
工n Sl,
izB 旦 くThe doTn ain




j く り くp
j





fr o mt161 de r, s in equ al ity.
Let u
p
くr e sp. 見
p
l be the s upr em u m くr e sp . the
inf im u ml of the holo m o rph ic s e ctio n al c ur v atu r e of the
Be rgm a n m etric o n D
p
fo r p 2 0, whe r e Do





I く 1, Iz
2
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11f2+ plく1+ 3pJく4+ 5pl













ニ ー 2IC2 +pl




11I2+ plく1 + 3plく4+ 5pl
p
fo r p y l くT he o r e m2. 61.
In S3, w e shal l study the holo m o rph ic s e ctio n al c u r
-
v atu r e at the o rigin 0 of the Be rgm a n m etric o n DくN,NI
with N E W. I f UPく01 and L甲く01 a r e the tn axin u m a nd





く01 三 2 a nd l i恥 坤 L
N
く01 岩 - 00 . T his sho w s
that the im age of the c u r v atu r e fo r the do tnain
DくN ,NJ
in clude s a n a rbitr a ri ly giv e n inte r v al ta ,BI c く
- 00
,21
fo r s o m e s uf f icie ntly la rge N くThe o r e m3. 6J.
In S4, w e shal l study the Ric ci c u r v atu r e--of the
Be rgm a n m etric o n





Let p 5 0 with p 事 1. The
is n ot Ein steinia n , but it is sho 甘n
that the r e e xists a r e al hy pe r s u rfa c e M in D
p
s u ch
that the R ic ci te n s or ,of the Be rgm a n metric is ho TnOthetic
to the m etric te n s o r at e a ch point of MくPropo sitio n 4. 21.








j く 11 くpj







is ps e udo c o n ve x
fol lo w sfr othH岩1 de r
,
s in equ al ity . inde ed ,- sin c e
42





l is a 乍o mplete Reinha rdt do m ain , くSI is.
e -


















w e shal l sho w く岳Tl. Let 入,Jll E fO ,lJ with 入+ u ニ
1
,
























T he la st in equal ity fol lo w sfr o mtISl de r
,
s in equ al ity,





a s de sir ed.
王n ci de ntal ly , 亡be a s s e rtio n くSI is pr o v ed als o a s
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n -l
l E Dくpl ,























,ミ ニ -%log ト 掛 zjl
2Ip
jl.
sin c e亡he f un ctio n く- 00 ,11 ヨ t ト ー ー logく1 - tl E R is in -
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6r m ander t5i T he o r e m1 . 6.







l is ps e udo c on v e xくcf. Lelo ng t9,i Pr opo sitio n 1 511.
No w, w e r e vie w the Be rgm a n metric o n abo u
nded do m ain .
Let D be a bo u nded do m ain in C
n
,
a nd Kくz ,ち1 the
Be rgm a n ke r nel of D . T he
gl V e nby
■
m etric g o n D is












1. log k , kくzlニ こ Kくz ,言1
くThe fu n ctio n k o n D is c al led the 旦堅 塁 些
Dl. The 旦 唾 旦 9J gV atu rJ5 te n s or of
fu n ctio n of

















J is the in v e r se m atrix of くgabTl
in the









E tl, . . . ,nl,






























T he n the fo r m ula s く1 . 1J a nd く1. 2J a r e r e w rit te n a s



































くDJ-tOl くq E Dl, w e de n ote by
HS CくqiXI the
the d lr e c亡io n X, i. e . ,
く1. 51
se ctio n al c u r v atu r e of g ln





















D E FtN tT tO N I. 1. G iv e n q E D, s et
uくql ニ UDくql




ニ ニ min tH S Cくq iXl言 X E T
q
くDl-toll.
Fu rthe r m ore , define the qu a ntitie s
u 三 u
D
ニ ニ S up UD
くDl, 見 三 見
D
ニ ニ inf L
D
くDl.




a r eb i holo m o rph ic inv a r
-





pr opo sitio n in 昏311. 工t is w el l- kn o w ntha亡 UD
く 2 fo r
any bo u nded do m ain D くcf. Fuks t4i P. 5 2 5コ, Kobaya sh it7芸
The o r e m4.4コ1.
■











- くn + 11g
a石
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くDトtOl, w e de n ote by R Cくq-妄XI
the Ricci c ur vatu r e of g in the dire ctio n X, i. e . ,









工t is w el l- kn o - that RC く n + 1 in ge n e r al くcf. t7i
The o r e mん. 4コ1, a nd that R C 三 - 1 i f D is ho m oge n e o u s,
i. e .
,
i f the gr o up of al l b i holo m o rph ic tr a n sfo r m atio n s of
D a cts o n D tr an sitiv ely くcf. E7i T he o r e m4. 1コI. W he n
RCくqiXl is a fu n ctio n o nly of q 亡 D, i . e . , indepe nde nt
on x E TくDトtOl fo r e v e ry q亡 D , the metric g is
q
c al led E in steinia n. So
事
W e m ay u s e the fol lowing.
D E F t N t Tt O N i. 2.
く1. 1 0l a
t
-
A poin亡 q 亡 D is c al led E in steinia n
i f R Cくq 言.1 is c o n st ant o n T
q
くD卜tOl.
No w, s up po s e D is a c o mplete Reinha rdt do m ain , a nd
c o n si de r n - n
D
三 - 川 z
l
l, . . . ,Iz
n





























I E ZI. T he n the Be rgm an fu n ctio n k
■
of D is gl V e nby
u . 9, kくz, - 古 三工 aI Z
工
芸I くz E D,.




l intr odu c ed in the f ir st pa rt
of th is s e ctio n, it is c alc ulated that
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くcf. ts e t6i P. 5 2 01, D
,
Amgelo t3妄 Le 皿 a 2コ1.
7
2. tlolo m o rph ic s e ctio n al c u r vature
1
0f the Be rgm a n
m etric o n D . The dom ain D こ Dく1 ,pl intr odu c ed in SO
p p
is r e w rit te n a sfollo w s こ
く2. り D
p














wh ich m ake s s e n s e a s a n u nbo ded
,
n o n- c o mplete Reinha rdt
do m ain als o whe n p
く 0 . F ir st w e n ote the fol lowing.
L 訓 H A 2. 1. Fo r a ny r e al p,
bolo m o rph ic tr a n sfo r m atio n s of D






















the gr o up G
蛭 入, u , c xE C 生堕 l入I ニ hl ニ 1, Icxl く 1 . 丑竺丁
tbe r m o r e
,
the o rb it 旦巳聖 皇 Gく0 ,hl 坐 旦 望 吐 く0,ul E D





















By virtu e of
fu n ctio n s o n D
p
a s ロ a nd L,
at points く0 ,hJI
Fr o n n o w o n
,
LeTn n a2. i
,
fo r the pu rpo s e of studying
wh ich a r eb i holo m o rph ic in v aria nt , s u ch
it is e n o ughto e x a min e-the v alu e s o nly
with 0 iu く 1.
w e a r eco n c e r n ed with domain s D
p
47
8 A Z U K AW A
o nly of p 2 0 in the expr e s sio n く2. ll. By the u s e of
く1. 91 a nd く1. 1 0l,
■
the Be rgn a n f
JLn ctio n k 占f D
p
is
calc ulated. As a r e s ult , w e ha v e


























くcf. Be rgm an t2i P. 213
1
I. As in tli LeTnm a31, w e m ake u s e




























a nd the fu n ctio ns
く2. 4I
cLニニ 3 + rt
2
Bミ ニ 3 - rt
2


















The gr aph of the fu n ctio n r
ニ rくpl is a sin F igu r e1.
馳 e n p ン 0 事 i. e . I Whe n




- 1 0 1 p
EI
F igu r e1. T he gーr aPh of r
ニ rくpI
48
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く2.511















- く0 ,LOl 三 O
g22








































くcf. 亡1i p .511. We obtain the fol lo wing .
p
9
L E凹MA 2. 2. Fo r D with p ン 0 くcf. く2. lll, the










生 く0, ul 壁 生 0 皇
LO く 1 a r egl V e nby
u
p
く0 ,u1 三 2 - 4 min tAx
2
+ 2 Bxy + Cy
2
芸 X , y 三 0, c H + By - ll,
L く0 ,ul こ 2 丁 4 m a xt血
2
+ 2 Bxy + Cy
2
i X , y 三 0, a x+ By - ll
p
whe r e cL, 6, A , B , a nd C a r e the
く2. 41.
v alu es def in ed in
P RO O F. 研I e n O く p 三 1 , the a s s e rtio n s ar e the s a m e




, the state m e nts hol d als o fo r p y 1. Q.E . D .
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- 1 く r く 0.





























ー 9く1+r ト 8rt - く1+rlrt
2
.
So , it fol lo w sfr on く2. 61 tba亡
く2. 91 cxF 0 , B y 0, Ccx
- B6 く 0, AB 一 触 く 0 .
工n ge n e r al, w e c a n sho w the fol lo wing.
L E 凹咋A 2. 3. 望生 CB, B, A , B , a nd C 立至 r e al numbe rs





, gfE ,yJニ ニ CXX + By. T he n it holds that
m a xtfくx ,yJ芸 X , y 三 0 , gくx ,yJ ニ り 芸













く些 生 壁 A6
2
- 2 BaB + C蝕
2
- BIA6 1 Bal + aくCa - BBl く 01.
Fu rthe rm o r e
,
whe n C ニ A a nd B 三 CX, it hol ds that
m a xtfくx ,yli X , y 三 0 , gくx ,yJ ニ り 岩 くA + BI I2a
2
,
min tfく苫 ,yli X , y 三 0 , gくx ,yl 芸 り ニ AIa
2
.
T he la s亡 tw o fo r m ula s m ake s en s e als o whe n A こ B .
5 0
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Fr o m LetTma S 2. 2 a nd 2. 3, and fro甲 く2. 91, w e
obtain the fol lo wing.















空 く0,uJ 生吐 O S





















2 くcf. く2. 811
三 2. 9
2





















Fこ ニ 1 2. 9
2





























We shal l sho w the fol lo wing .









く0, ul ニ ー 213.
u
p






ecr e a sing with r e spe ct tO Ll.
with r e spe ct to u .
P R O OF. くiJ三 Sin c e tく山1 - 0 a s uJ- 1 , the a s s e r-
5 1
1 2 A之ut u w A
tio n fol lo w s fr o m Tbe o r e m2. 4.























so , it fol lo w sfrom く2. 61 that 去AIa2, 品cIB2 く 0言
the r efo r e, the desired as s e rtio n fol lo w s,
fr othT he o r e m2. 4,
sin c e tくLOl is strictly de c r e a sing with r e spe ct to uJ.
くi i il Let E a nd F be a sin T he o r e m2.4. We ha v e
去 Fla2E - rt2Mla3E2,
whe r e































+ 1 6 8. 9く1+rl
2
rt + 1 5く4 5く1+rl
2
- 1 1 2r1 く1+rlrt
2















エ コ 2 4く1 3く1+r1
2










こ Z - 1 6. 9く3く1+r1
2
















+1 6r1 0+rlt .
I t is trivial ly s e en that Nl ,
N
3
く 0 くcf. く2. 6Jl. We
shal l sho由 that N
2
ン O a nd N
4
く 0. Fo r th is , w e s et
N
2







.dくr1+ eくrlt, a nd c o n si der
52
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+ bくrlu + cくrl a nd grくul三
三
dくrJu + eくrJ. It is e a si ly s e e nthat f
r
くり こ aく七I+ bくrJ+
cくrJ, f
り
Iり - 2aくrl . bくrl, f
2J
- 2aくr い 0, a nd
g
r
くり - dくrl . eくrJ, gflJ - dくrJ く O fo r any r with
く2. 6J. So , it fol lo w sthat f
r
ン O
inte r v al tl ,+00Ii the r efo r e w占 ha v e



























tain M 5 0. Thu s the de sir ed a s se rtio n fol lo w sfr o m
The o r e m2. 4. q. E. D .
We als o obtain the fol lo wing.
T H EOR EM 2. 6. Fo r D with p 5 I, the qu a ntities
p
て















く0 ,Ol ニ 2 - 4く3 6 - 1 3r - 3r
2
llC2 - rl t9 - r1 く3+rl
p





















I3 6 - 1 3r - 3r
2
I, the de sir ed a s s e rtio n fol lo w s
fr o m T he o r e m s2. 4 a nd 2. 5. Q. E . D .
RE M ARR 2. 7. Fo r D with 0 Sp 皇 1, it is sho w n
p
in tl言 T he o r e m31 that
u ニ 2 I 4く36 - 1 3r 二 3r
2
1 Iく2 - rlI9 - rl I3+rl
p
5 3
1 4 A Z U K A W A













T he gr aphs of the fun ctio n s y
ニ uくrl a nd y ニ R,くrl
く- 1 く r S l
A,くrくp11 ニ 見
a r e a sin F igu r e2 , whe r e uくrくp11 ニ u
p
,












We shal lsho w the fol lo wing .
PRO P O S ITtO N 2. 8. Let O S p く p
-













is n o亡 b ibolo m o rph ic to
P R O O F. From T heor e m 2. 6 a nd Re m a rk 2. 7, it is
e a si ly see n that 丸 く 且
p
T Whe n p
I S l
,




















くcf. く2. 3Il. T he n
5 4
AZtJK A W A 1 5
く2.1 0I - 1 く rT く 0 く r S 1.,
Fr o m The o r e m2. 6 a nd Re m a rk 2. 7
,













ニ 2 - 4く36 - 1 3r - - 3r-
2




ニ 2 - 4く36 - 1 3r - 3r
2
1 It2 - rl く9 - r1 く3+rl
l 見 - 2 - 4. 3く2 - rJ IC3 - r12.
p
工t fol lo w sfr o m o u r a s s u mptio n that
く2. 1り
く2. 1 2I
3 6- 1 3r - 3r
2
2+r-
ここ.こ こ..二 二 こ こ こ こ こ こ 二 二 二 こ 二 二 こ こ こ こ ニニ ニ ニこ 二二 二 ニ コ 声i こ-ー-ー二二ニ--こく2 - rI く9 - rI く3+r1 3+r-
,
3く2 - rl
Fr o m く2. 1り , w e ha v e
く2. 1 3I
3 6 - 1 3r- - 3r -
2
く2 - r Tl く9 - rTJ く3+rTl
r
-
ニ - rGIF ,
whe r e




, Gミ ニ 9 - 7r + 2r
2
.
Substituting く2. 1 3I to く2. 1 2I, w e obtain
く2. 1 51
1 8く3 - 2rlF
3
















x ミニ 1lr - 1. T he n x 2 0 by く2.1 01. Fu rthe r m o r e,
く2. 1 4J a nd く2. 1 51 a r e rew rit ten a s fol lo w s ニ
F ニ Fu+xl
- 3
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sin ce the c o ef f icie nts of fotl r pOlyn oTnials 6く1+3xIF -
く7 . 2 1x . 2 7x
2




l コウ L こ王J lこコ
く1+2xl く1+XIG, F I G a re al lpo sitiv e, the equ atio n
く2. 1 61 ha s n o z e r oin the inte r v al tO ,+甲1. Th is is a
c o ntr ad ictio n. q. E. D .
REM ARK 2. 9. Le t k be the Be rgm a n fu n ctio n of a






Bergm a n .m etric o n D. The n the f un ctio n detくgabTII
k is
a b i holomo rph ic in v a ria nt. Fo r the do mi n Dp
with p 三
0 , i亡 fol lo w s fr o m く2. 511 , く
2. うI
2
くand f - m d ir e ct

















亡be refo r e w eba ヮ e
m
l














so , the pair くml ,
m
2
l of n u meric al in v a rla nts do es n ot










A Z U K A W A 1 7
i 叫 rgm a n
m etric on DくN,NJ. We n e ed the fol lo wing .
L E M M A 3.i. Let D be a bo u nded, c o mplete Reinha rdt
do m ain in C
2
, a nd let a工
く1. 81. T he n the holo m o rph ic
be the n u mbe r sdef in ed in
s e ctio n al c u r v atu r e tl SCく0芸
XI of the Be rgm an metric o n D in the d ir e ctio n
T
o
くDl-tOl i9一 畠聖聖 吐 土壁




































































































else wbe r e,
くa ,b , c ,dl ニ く1 ,1 ,1 ,り
くa ,b , c ,dI ニ く2 ,2 ,2,21




the de sir ed fo r m ula fol lo w sfr o m く1. 51. q. E.D .
No w , fo r the do m ain DくN,Nl くN e 耶1 くcf. 昏01, it
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8く2 N- 11王










NくN - 1J王く2 N- 11王
1 6く4 N- り王
NくN - 11王く3 N- 1J王
16く4N - 1J王
Nく2 N- 11王く2N - 11王
We f irst n ote the follo wing.












Nく2 N- 11王く3 N- 11王
tく3 N- ll. . .く3 N- NJ - 2く2 N- rI. . .く2 N- Nlナ.
But the fa ctor in the br a c e sis 0 whe n N ニ 1, a nd is
2 Ntく3N - 1J. . .く2N +ll - く2 N- ll. . .くN+llユy o whe n N 之 2, a s
de sir ed . q. E. D.
By virtu e of.Le m m a2. 3, u sing Letnm as 3. 1 and 3. 2 ,
w e obtain the fol lo wing.
Le tnn a3. 3. Fo r the do m ain DくN,NJ








by the fo m ula s
with N E 耶 , the
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v alu e sin く3 . り .
Furthe r m o r e, w e hav e the fol lo wing .
L E M M A 3. 4. Fo r the v alu e sin
1 9






































くく3N - り り
3
fN - 11王
8 く4N - 1l. I . く4N - NJ く2N - ll. . .く2 N- Nl











8 く2 N- 11王く4 N- 11王
9 く3 N- 11王く3N - 1J王
8 く4 N- 1l. . .く4N - NJ
9 く3N - ll. . .く3N - NJ
Sin c e く4 N-j lt3N -jl ニ ミ 1 + NI C3N -jl, く2N -jI ハ3N -j lニ 1 -
NIC3N -jl, the de sir ed e stimate s fol lo w.
Fr o m Le m a s3. 3 a nd 3.4 w e get the fol lo wing.
p R O P O S tT tON 3. 5. Let U
N
9旦 DくN,Nl 出 生 生 Le m m a3. 3.
and L
N






q. E .D .
be the fu n ctio ns
些 聖 U
N
く0 い 2 - 4く819J
N +1
20
TtlE O R 王妃3. 6.




fo r wh ich the
Def initio n
A Z甲 岬 A
in ter v a1 工cx.Bl こ く- 00 ,2,J,
Relnba rdt do m ain 王I
n um e rical in v a ria nts 且
D
, % 出 聖
1. 1 聖 地 丸D
く a 聖蛙 uD
ン B.
4. RIc ci c u r v atu r e of the m etric o n D .
Ac c o rd ing to く1. 6l, く2. 512J, く
2. 51
3
, the Rict i te n s of Of
the Be rgm a n m etric on D
p
with p y 0 is c alc ulated a s








, u1 ニ 3g2亨く0, u1
+ 2く2 Ca + B1く1 - rt1
2








whe r e rニ く1 -pJ 1 0+pl, t ニ く ト u
2
11 u- r u
2
1 くO Su く ll
a s in く2. 3l, and cx, B, A, B,
L
a nd C ar e the fu n ctio n s
giv e nin く2.41.
No w
,




























T he n w eha v e
王gabT V早v
- b





- 3くax . By1 - 2 Pa x - 2QBy ,
姑 e r e
く4. 11 Pニニ く2 A6+ Balla
2
B, Qニ - く2 Ca + BBIIaB
2
.
so , it follo w s fr o m く1. 71 tba亡
RCくく0,LOl妄Xl - 3 - 2くP cxx+QBylIくcxx+ Byli
60
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く4. 21
Tn a XRCくく0,uli.I ニ 3 - 2 min fp , Qナ
ニ ー 1 + 2 m a xt2 - P , 2 - Ql
Din RCくく0 ,uli .J こ 3 - 2 m a xtP , QI
ニ ー 1 + 2 min t2 - P, 2 1 Ql.
ロsing く2. 4I a nd く4. り , w e c a n c alc ulate a s fo ト
lo w s 三
く4. 31
1


























- r t .
Fu rthe m o r e, w e ha v e
























LED4MA 4. 1. i9i Srくtlこ
ニ Sくr ,tl一 塑 聖 r 亡 く- 1 ,1J,
the fu nctio n S ha s o nly o n e
in亡e r v al く0,り
simple z e r o Eくrl ln the
P RO O F. We obtain the fol lo wingニ
s
r
くり ニ ー くト r1 く9 - r
2
I
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sf2111J - 4く3 3 - 8r - 5r2Ir
sf3JI け - 1 2く3 - 1 0r - 5r21r
sf41lll ニ ー 24く9.5rlr2
s三51f り - - 1 2 0く1.rlr2.
s三3Jl111 ha s oily o n e simple z e r o rl くr e sp.
r
2
1 1n the inter val く0 ,り く1 く r2
く 1ノ2 く r
l
く り . We
obtain the fol lo wing tab le s of s lgn S Of
sfklf り三
Tab le 1
r - 1. -0. 1
S
r
くOI こ + 三 + ニ
s三りく01 0 一 三 一 三
sf21fO1 三1.- o +L三
sf31IOl 0 - 0 + 三
sf41fO1 ニ ー -0 - ニ





くal be the n umbe r of e x ch ange s of sign in the
s equ e n c eくSrくal, SfりくaI, . . . , Sf51くaII. Fr o m Tab le s 1
a nd 2
,






- 1 く r 皇 0
3 , 0 く r く 1 ,















fo r al l r 亡 く- 1 ,り . So ,
A Z U K A W A 23
the de sir ed a s s ertion fol lo w s fr o m the Fo u rie r
,
s the o r e m
c o n c e r ning 亡he n u mbe r of z e r o s of a real polyn o mial
くcf. tl妄 Ap pe nd ic e sり . Q. E. D.
Fr o m Le n a4.1 a nd く4. 2I, w e obtain the follo wing .
P ROP O S I TtO N 4. 2 . Let
the s ubs et tく0 ,uI言 O ihJ
p ン O with p メ l. T he n in




the r e e xists o nly
o n e E in steini an point く0, uくpll of D- くcf. Def initio n






whe r e Eくrl is the u nique z ero in the inter val く0 ,1J of
聖竺 P 叫 1 SrくtJ こ Sくr ,tl 迦 重 く4 . 5J くso , the
s et of al l
o rb it
E in steinia n poirltS in D c oin ci de s with the
p
spa c e Gく0 , LOくpIJ, be c a u s e of Le m m a2. り .
No w
,
d i f fe r e ntiating く4. 311,
W e Obtain a r e m a rkab le
r elatio n a sfol lo w s.
Le m m a4. 3. ifi P くr e sp . Sl 坐 至皇 室 く4. 1J くr e sp .
く4. 5Il. T be n it holds that
去く2 - PJ -- - 2r2t3sla3B2 .
By virtu e of Le m a s4.1 a nd 4. 3 , the gr aphs of the
fu n ctio n s 2 - P
r
a nd 2 - Qr c
an be dr awn a s in Figure 3,
where P
r
くtlこニ Pくr ,tl, Q
r
くtJニニ Qくr , tJ. Fr o m F igu r e 3
a nd く4. 2I, w e obtain the fol lo wing.
63










PRO P O StTtO N4. 4 . Let p y 0 with
RC be the R ic ci c u r v atu r e of 亡be Be rgm a n
2 - q
r
p メ l, 望吐 土壁
m etric o n D .
The n it hol ds that
I - ..- ... . . . . . I . . . .. . . . . . . t ■■t . ■t ■■■t t -t - 1 1■.
ma x R C ニ ー 1 + 2 m a xく2 - Q
r
l,
min R C ニ ー 1 + 2 minく2 - q
r
I,
whe r e rニ くトpllく1+pJ.
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